METU - Department of Mathematies
Graduate Preliminary Exam
Algebra - 11
September 26, 2017

e Duration: 3 hours.

¢ Please write your solution for each question on a separate page.

s You can use any statement given below in the solution of any question even
if you cannot prove that given statement.

Question 1.(3x12 pts.)a) Show that every unitary left R-module A over
a ring R with identity has a free-resolution, that is, show that there exists an
infinite exact sequence

Ry R, S RS A0

of left R-modules such that each F; (i > 1) is a free R-module (Consider 0 as a
free R-module with no generators).

b) For a right ideal I of a ring R with identity and a left R-module B show that
there is a group isomorphism {R/f) @z B = B/IB where IB is the subgroup
of B generated by all elements of the form rb for r € f and b€ B.

c) Let R be a principal ideal domain and let p, g, € R be three distinet primes.
Assume that A is a unitary R-module generated by two elements as an R-module
but A # Rz for any z € A. If {r € Rjra = O for all a € A} = (p*¢’r) as an
ideal of R, then list all distinct R-modules A (satisfying these conditions) up to
isomorphisim.

Question 2.(3x7 pts.) Let F be the splitting field of g(z) = «* — 2 over
Q.
a) Determine F as a subfield of C. What is [F: Q]?

b) What is the order of the Galois group AutgF? To which familiar finite group
is AutqF isomorphic?

¢) How many intermediate fields are therc for the field extension F over Q7

Question 3.(7 pts.) Show that if u is algebraic over a field K such that
[K () : K} is odd, then K(u) = K (u?).

Question 4.(2x9 pts.)a) For any prime p show that the finite field Fp- is

a field extension of Fp- if and only if n|s.

b) Show by using the field extensions mentioned in part (a) that K = glen
ns

is a field and K is the algebraic closure of Fj, = Z,.(Note that in X we consider
any F,n as a subfield of Fps whenever n|s).

Question 5.(2x9 pts.)a) For field extensions K ¢ E C F, if F' is separa-
ble gver K, show that F is separable over E.

b) For field extensions K C E C F, assume that E is a normal extension over
K. Show that any 7 € Autx F restricts to a K-automorphism of E.




