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1.) Let w be theclosed 1-form
x dy —y dx
W om

Py e OMR® - {0}).

a) Calculate the integral / w, where S is the unit circle in the
st
plane.

b) Use Stokes’ Theorem to show that the integral j w = 0, where
c
C={(z,y) | (z -5+ =1}.

¢} Is there a smooth map ¢ : S* x [0,1] — R* — {(0,0)}, where
HS < {0}) = S and $(S'x{1}) = C, sothat ¢ isa diffeomorphism
when restricted to each of the boundary components of the cylinder?
Justify your answer!

2.) Consider the Mébius band as the following quotient manifold
MB=Rx(-1,1) /{z,y) ~ (x+1,—y) .
a) Let P:R x(~1,1) = MB be the quotient map and
o:Rx(-1,1) = Rx(-1,1)

be the map given by o(z,y) = (z + 1, —y). Show that for any smooth
function f: R x (~1,1} = R satisfying f = —f o o, there is some
(o, 40) € R x (~1,1) with f(zo,70) = 0.

b) Use Part (a) to show that for any 2-form w on the Mobius band
there is some (z0,yp) € R x (~1,1} with w(P{zy, %)) = 0. Conclude
that MB is not orientable.

3.) Show that the subset R® given by
T? = {(z,y,2) € R® | [(#® + % + 2%) 4+ 3)* = 16(2? + ¢*)}
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is a submanifold. Show that it is diffeormorphic tc the to the submani-
fold ‘
{1, 51,22, 90) € R* | af +9f = 1 = 2} + 43}
via the map F{z,y,z) = (/2% +y*~2, 2, o - Y }. De- |
VEiyt a4yt

termine F1.

4.) Let w = f(z,y)dz + g(z,y)dy be a one-form on R? — {(0,0)}.

a) Let Cr be the circle with center at the origin and radius R > 0,
whose parametrization is given by z = Rcosf, y = Rsin8, 0 <6 < 2w,

1
Assume that |f<.’ﬁ,y)E < m and Ig(i“,y)l <

{(z,y) € R? — {(0,0)}. Show that |/ w| < 4nvR.
Cr

, for all
2

1
2ty

b) Assume that the one-form w is also closed. Use Stokes’ theorem to
show that / W= / w, for all B > 0.
Cr (o5}

¢) Show that / w =0, for all R > 0. Conclude that w is an exact
c
form., "




