GEOMETRY TMS EXAM
February 17, 2016

Duration: 3 hours.

(1) Show that N = {[z: g : z: w] € RP?|z% + ¢ + 2% + w® = 0} is an embedded submanifold of RP3,
real projective space of dimension 3, and compute its dimension.

(2) Let M be an orientable smooth manifold and fix an orientation for unit circle 5. Given a smooth
map vy 1 & — M and a differential 1-form o € M) define f1 a = fo ¥ {a).
a) Show that if o is exact then for any y: §7 — M,
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b) Show that if do = 0, and H : [0,1] x §* — M is a smooth map then,
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where vo(8) = H(0,9) and ;1 (6) = H{1.4).

(3) ) Let O(n) denctes the orthegonal n x n real matrices and M (n) denotes n x n real matrices.

a) Show that the tangent space of O(n) at the identity matrix, Tr(O{n) is the space of all anti-symmetric
matrices.

b) Show that for any 4 € O(n), T40(n) = {XAJXT = ~X}.

¢} Show that if X € T10(n) then e"“ﬁ € O{n) where e =I+X+ %Xz + g X

d) Consider the smooth map exp : M(n} — M{n}, defined as exp(X) = e®. Show that the differential
dexpl0) at zero matrix 0 € M{n) is the identity linear transformation.

(4) ) Let Z be the preimage of a regular value y € Y under the smooth map F: X — Y between
smooth manifolds X and Y. Prove that the kernel of the derivative dFy : T, X — T, ¥ at any point
z € Z is precisely the tangent space to Z at x, T, Z.

(5) ) Define F : R? —+ R® by F(u,v) = (u,v,u? — v?). On R® with coordinates (u,v) consider the
following vector felds; U = U Vg and Uy = us— and on R® with coordinates («,y, ) consider
o-form w = ydz A dz + xdy A dz and I-form 9 = zdz + zdy + ydz. Compute the following:

a) F*[Ug,,Ug]

b) dw

c) F*{(dn) '

d) F* (w){p){Vs, Va] where 3 = (1,2) and V3 = (0, 1) arc the vectors in T,R?, for p=(1,1) € 2
e) wF(p)(X]‘,Xg) where X} = F*(Vl) and .Xg = F,(Vz) .



