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Duration: 3 Hours

1. (a) Suppose A € C"™*™ and Ay,---, Ay, € C are eigenvalues of A. Prove that
m
tr(A)=>_ X\
j=1

(b) Prove that, if A is Hermitian, then there is a unitary matrix U and a diagonal
matrix D such that U*AU = D

(c) Prove that, if A is a real symmetric matrix, then there is an orthogonal
matrix O and a diagonal matrix D such that OT AO = D
2. We wish to solve Az = b iteratively where
11 -1
A=11 2 1
1 1 1

Show that for this A the Jacobi method and the Gauss-Seidel method both con-
verge. Explain why for this A one of these methods is better than the other.

3. Suppose A € R™ ™ and || - || denotes a matrix norm (Not necessarily induced by
a vector norm) which also satisfies the compatibility property: for all B € R"*"
and C € R™"

IBC| < I BI[[|C]-

Let p(A) denote the spectral radius of A.
(a) Show that for p(A) < ||A|| and then, that p(A) < || AF||V/*.
(b) Show that for any given 0 < € << 1,
LA
koo (p(A) + €)F
Thus, conclude that limy_, || A*|1/% < p(A).

(Hint: You might use the fact that there exists an operator norm || Alle,a such
that || Alle,a < p(A) +€/2, for all e >0)

(¢) From parts (a) and (b) what can you say about
LA

lim
k—o0



4. Let A be a real symmetric n X n matrix having the eigenvalues \; with
Arl > Ao = - = A

and the corresponding eigenvectors x1, - - - , &, with XZTXk = ;. Starting with an
initial vector gy for which xfyo # 0, suppose one computes

1
Yk+1 = 714?% for k= 0,172a"'
| Ay |

with an arbitrary vector norm || - ||, and concurrently the quantities

(Ayk )i

Qi = , 1<i<n, incase (yx); #0,
and the Rayleigh quotient

Yi Ay

Yi Ui

rE =

Prove the following:

(a) Qii = /\1[1 + O((/\Q//\l)k)] for all ¢ with (-Tl)z #0.
(b) 7 = Ai[L 4+ O((A2/A1))].



