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(1) (15415 points) Let (X, M, u) be a measure space. Let (fn)nen be a sequence of non-negative
real valued measurable functions and f be a real valued measurable function on (X, M; u).
a) State Fatou’s lemma.

b) Prove that if f, — f in'measure, then / f dp < lHminf / fn dp.
x n—oo |y

(2) (20 points) Consider the measures p, v on B(R) given by

1 "
w(A) ——./A T dm and v(4) :/Ae dm

where B(R) denotes the Borel o-algebra of R and m denotes the Lebesgue measure on B(R).
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Show that 4 < v and find the Radon-Nikodym derivative g—!—f.

1/
(Efint. Before understanding the absolute continuity relationship between u and v, try to

understand whether or not we have m <« v.)

(3) (15+15 points) In this question, you shall consider the product measure space
(R xR, B(R) & B(R), m x u)
where B(R) is the Borel c-algebra of R, m is the Lebesgue measure on R and p : B(R) — [0, 00]

is the measure given by
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a) Show that the set

D={(z,9) eERxR: 22+ ¢?* <2, and, z€ Qor y € Q}
is an element of the product o-algebra B(R) ® B(R).
b) Find the area of D relative to the measure m x p, that is, find // 1 d(m x p).
D

(4) (10+10 points) Prove the following statements.
a) Let m* be the Lebesgue outer measure on R. Let 4, B C R. If A is non-Lebesgue
measurable and m*(AAB) = 0, then B is non-Lebesgue measurable.
b) There exists a dense subset of R of Lebesgue measure 2023.



