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1.
(A) In a topological space, is the intersection of two dense subsets always dense ?

(B) Let X be a topological space. Prove that the intersection of two open and
dense snbsets of X is open and dense.

(C) Let 9 be the family subsets of X consisting of the open and dense subsets
of X and the empty set. Prove that § is a topology on X.

(D) Let X be the topological space with carrier set X and topology $. Let Y be
a topological space and Y be defined similarly. If f: X — V is a continuous and
open map, prove that f: X — Y is continuous.

2
(A) Prove that a closed subset of a compact topological space is compact.
(

B) Prove that a compact subset of a Hausdorff topological space is closed.

(C) 9,5 be topologies on X such that & C #. If K C X is compact with
respect to §, prove that K is compact with respect to £ as well.

{D} Suppose that T is a topology on X such that the topological space (X, %) is
compact. If & is a topology on X which is strictly coarser than %, (that s 6 C %
yet & # ¥ ) prove that the topological space (X, &) is not Hausdorfl. (Hint : There
exists €' C X which is closed with respect to ¥ but not closed with respect to &. )

3. Let f: X — Y be a continuous closed surjection. Prove the following
statements:

DI X isT then Y is T3,

i} If X is normal then Y is normal.

iii) If Y is connected and f~*(y) is connected for each y € Y then X is connected.

iv) If f7(y) is Lindeldf for each y € Y and Y is Lindeldf then X is Lindeldf,

4.Let f: X — Y be a closed open surjection.

a) Let ¢ : X ~ (0,1) be a continuous function and © : ¥ — R be a function
such that ©(y) = sup[p(x)f(z) = y] for each y € Y. Show that ¢ is continuous.

b) Show that YV is regular (T3) when X is regular and f is continuous.

c) Show that ¥ is T35 when X is 733 and f is continuous.



