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1. Let G be a finite group.

a) Suppose that M and N are normal subgroups of G such that both
G/M and G/N are solvable. Prove that G/M ∩N is solvable.

b) Prove that G has a subgroup L which is the unique smallest sub-
group with the properties of being normal with solvable quotient.

c) Suppose that G has a subgroup H isomorphic to A5. Show that
H ⊆ L.

2. Let G be a group.

a) Prove that if N is a normal subgroup of G then G/CG(N) is iso-
morphic to a subgroup of the group Aut(N) of all automorphisms of N .

Prove the following assuming that G is a finite group with

gcd(|G|, |Aut(G)|) = 1.

b) G is abelian.

c) Every Sylow subgroup of G is cyclic of prime order.

d) G is a cyclic group of squarefree order such that if p and q are prime
divisors of |G|, then we have p 6≡ 1(modq) and q 6≡ 1(modp).
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3. Let F2 be the field with 2 elements and R = F2[X, 1/X] for an indeter-
minate X.

Prove the following:

a) The unit group of R is generated by X.

b) There are infinitely many distinct ring endomorphisms of R.

c) The ring automorphism group Aut(R) is of order 2.

4. Let (R, +, ·) be a commutative ring with identity 1 6= 0, D be a multi-
plicative set in R (1 ∈ D), D−1T = { t

d
| t ∈ T, d ∈ D}, S = D−1R be

the ring of fractions of R with respect to D and π : R −→ S be the
ring homomorphism given by π(r) = r

1
.

Consider the following property for proper ideals I of R:
(*) if xr ∈ I for some r ∈ D then x ∈ I.

a) Show that if Q satisfies (*) and D = R\Q then

ker(π) ⊆ Q ∩ Zerodivisors(R).

b) Show that if Q satisfies (*) and D−1Q = D−1J then J ⊆ Q.

c) Show that if Q satisfies (*) and D−1Q is a prime ideal then D∩Q = ∅
and Q is a prime ideal.

d) Show that if P is a prime ideal and D ∩ P = ∅ then P satisfies (*)
and D−1P is a prime ideal.

2


