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There are 5 problems and each is worth 20 points.

1. Let M = {(x,y,2) € R3: (1 — 2?)(2* +¢?) = 1}
(a) Show that M is an embedded smooth submanifold of R3.

0 0 0
(b) Show that the restriction of vector field V = z2r—+2%y—+2(1—2%) =
ox oy 0z

on R3 is a tangent vector field of M.
2. Let S' be the unit circle in R? and ¢t = % be the coordinate on S*

d
given by stereographic projection from north pole, N. Let V' = v(t)a denote

a smooth vector field on S™\{N}.

(a) Express V on ST\{N, S} by using the coordinate on S* given by stereo-
graphic projection from south pole, S.

(b) Find a condition on v(t) that guarantees that V' extends to a global

d
smooth vector field on S'. Does V = tS% extend to a smooth vector field
on S'?

3. Consider the following vector fields on R?

0 0

— 4 2
V xax+zay+ g
0 0 0

ox oy + z(?z

Compute the following quantities.

(a) The curve $(t) in R? such that §'(¢t) = V(B(t)), 5(0) = (x0o, yo, 20) i.e.
the integral curve of V.
(b) The push-forward F,W)q .. where F': R¥\{y = 0} — R? defined as

Flz,y,2)=(y—x,1— 322)
(c) The Lie bracket [V, W].

4. (a) Prove that a submersion F': M — N is an open map.

(b) Show that there is no submersion F' : S — R?. How about if R? is
replaced by S??



5. Let i : S' — R? be the inclusion of unit circle S* into R? with standard
xdy — ydx R
——~— on R

orientation and w be the closed 1-form w = 5
T+ y2

(a) Compute/ i*w.

S1
(b) Is i*w exact on S*?
(c) Show that on a compact manifold M a non-zero (non-zero at every point
of M) 1-form can not be exact.
(d) Let M be a smooth compact manifold which admits a smooth submersion

F : M — S*. Use previous parts to show that there exists a closed 1-form
on M which is not exact (i.e. Hhp(M) #0).



