PRELIMINARY EXAM PROBLEMS
Differential Equations (ODE), 3 hours, 2008/2

1. Consider the system
3’ = =3z — 2y + sin(t),
y' =2z - 3y + cos(t). (1)
{a) Evaluate the transition matrix X(t,s) of the associated homogencous system. Show
that lim supy_q 1 X (& s}l = od; €
(b) Find the generat solution z(t, ty, zo) of the system;

)

(¢} Show that all solutions arc bounded on [0, 00) functions;

(d) Show that there cxists a unique solution bounded on B;
)

(¢) Prove that the bounded solution is 2m~periodic fanction.

_(f) Provc that cach solution of the system is uniformly asymptotically stable.

s Ffanala , )
2. Tovaluate [ (t,0, 20, xd), |27 (t, 0, 20, 2})), for t € [0, T, T < o0, if w(t) = z(¢,0, Ty, T} 20} =
xp, 2/ (0) = 2, is a solution of equation 2/ +sinz = 0. Consider 7o = 0.01, ) = -0.02,T =
10,

Hint: Use differentiability of solutions in initial value.

3. Assumc that u{t) > 0,v(£) > 0, arc continuons on [to— T tel, o € B, T > 0, functions. Prove
that the incquality

u{t) < e+ /f‘" u{g)v{s)ds, t <ty
a7
fmplics
u(t) < cc-ﬁu wlds
where ¢ 2 0 1s constant.
4. Consider the following Abel’s cquation
y’ = gin{t) - y°, {2)

where t,y € R. Prove that as ¢ increasing, cach solution of (2} is attracted into the strip
ly| <1+ ¢, where ¢ is a fixed positive number, in a uniformiy bounded time interval.



