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1. Let X be an infinite set and T ={A C X : A=0 or X — A is finite}. Let
Y be a subspace of the topological space (X,T). Show that
a) Y is Ty if and only if YV is finite.
b) Y is connected if and only if YV is infinite.
¢) Y is compact and separable.
d) If the cardinality of Y is at least the cardinality of R, then Y is path
connected.

2. Let X, Y be topological spaces and f : X — Y be a continuous, open
surjection and B be a base for the topological space X. Show that

a) The set {f(U) : U € B} is a base for the topological space Y.
b) If X is locally connected, then Y is locally connected.

c) If X islocally compact (not necessarily Hausdorff), then Y is locally com-
pact.

3. Let X # () be a topological space. We say X, C X is very dense in X if the
following correspondence between the sets of open subsets

O(X) — O(Xo)
Uw— UﬁXO

is injective.
a) (i) Show that a v.d. set is dense and give a non-Hausdorff example to

show that the converse is not true.
(i) Determine the topology of X if {z} C X is v.d.

b) Show that if X is 7y and contains a v.d. subset Xy which is minimal
(with respect to inclusion) in the set of nonempty closed subsets of X, then
X consists of a single point.

c¢) True or false 7 Explain (prove the claim or give a counter example).

If X is a connected topological space and if Xj is v.d. in X, then X is con-
nected too.



4. Let C(X,Y) be the set of all continuous functions between a locally compact
topological space X and an arbitrary topological space Y. We define the weak
topology on C(X,Y) by taking as subbase the sets of the form

{fecX,Y): f(K)cV}
for compact subsets K C X and open sets V C Y.
A) Suppose X is compact and Y is a metric space. Show that

a) the weak topology is defined by a metric dy on C'(X,Y),
b) if Y is complete, then (C'(X,Y),dw) is a complete metric space.

B) Show that if g : X; — X5 is a continuous map between locally compact
spaces then the induced map

g C(Xy,Y) — C(X1,Y)
f—fog

1S continuous.



